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Abstract 

We consider two natural problems arising in geometry which are equivalent 
to the local solvability of specific equations of Monge- Ampere type. These two 
problems are: the local isometric embedding problem for two-dimensional Rie- 
mannian manifolds, and the problem of locally prescribed Gaussian curvature 
for surfaces in . We prove a general local existence result for a large class of 
Monge-Ampere equations in the plane, and obtain as corollaries the existence 
of regular solutions to both problems, in the case that the Gaussian curvature 
vanishes to arbitrary finite order on a single smooth curve. 



0. Introduction 

Let (M^,(is^) be a two-dimensional Riemannian manifold. A well-known problem 
is to ask when can one realize this, locally, as a small piece of a surface in M.^ . This 
question has only been partially answered. 

Suppose that the first fundamental form, ds"^ = Edv? + 2Fdudv + Gdv"^ , is given 
in the neighborhood of a point, say {u,v) = 0. Let K be the Gaussian curvature, 
then the known results are as follows. The question is answered affirmatively in the 
case that ds"^ is analytic or K{0) ^ 0; these classical results can be found in [8], [16], 
and [17]. In the case that > and ds^ is sufficiently smooth, or A'(O) = and 
VA'(O) 7^ 0, C.-S. Lin provides an affirmative answer in [12] and [13] (a simplified 
proof of the later result has been given by Q. Han [4]). If A^ < and VA' possesses 
a certain nondegeneracy, Han, Hong, and Lin [6] show that an embedding always 
exists. Furthermore, if (m, f ) = is a nondegenerate critical point for K and ds^ is 
sufficiently smooth, then the author provides an affirmative answer in [11]. However, 
A. V. Pogorelov has given a counterexample in [15], where he constructs a C^'^ metric 
with no isometric embedding in M^. More recently, other counterexamples for 
metrics with low regularity have been proposed by Nadirashvili and Yuan [14], and 
local nonexistence results for smooth Monge-Ampere equations have been obtained 
in [10]. In this paper we prove the following. 



^Tlie author was partially supported by an NSF Postdoctoral Fellowship and NSF Grant DMS- 
0203941. 
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Theorem 0.1. Let ds^ G C", r > 60, and suppose that a is a geodesic passing 
through the origin. If K vanishes to finite order on a , then there exists a C"^^ local 
isometric embedding into . 

Remark. The geodesic hypothesis on a is actually unnecessary, and is only 
included so that Theorem 0.1 arises as a corollary of our main result, Theorem 0.3 
below. Please see the appendix for the justification. Also, a similar result has been 
obtained independently by Q. Han [5]. 

We begin by deriving the appropriate equations for study. Our goal is to find three 
functions x{u,v), y{u,v), z{u,v), such that rfs^ = dx"^ + dy'^ + rfz^. The following 
strategy was first used by J. Weingarten [21]. We search for a function z{u,v), 
with \Vz\ sufficiently small, such that ds^ — dz"^ is flat in a neighborhood of the 
origin. Suppose that such a function exists, then since any Riemannian manifold of 
zero curvature is locally isometric to Euclidean space (via the exponential map), there 
exists a smooth change of coordinates x{u, v) , y{u, v) such that dx'^ + dy'^ = ds'^ — dz^ , 
that is, ds"^ = dx^ + dy^ + dz^ . Therefore, our problem is reduced to finding z{u,v) 
such that ds'^ — dz'^ is flat in a neighborhood of the origin. A computation shows that 
this is equivalent to the local solvability of the following equation, 

(^n - T\,z,){z22 - Tl^z,) - {z^2 - T\^z,f (0.1) 
= K{EG - F'^ - Ezl-Gzl + 2FziZ2), 

where Zi = dzjdu^ Z2 = dzjdv ^ z^ are second derivatives of z^ and F*^ are Christof- 
fel symbols. 

Equation (1) is a second order Monge- Ampere equation. Another well-known and 
related problem, which is equivalent to the local solvability of a second order Monge- 

Ampere equation, is that of locally prescribing the Gaussian curvature for surfaces in 
M^. That is, given a function K{u,v) defined in a neighborhood of the origin, when 
does there exist a piece of a surface z = z{u, v) in having Gaussian curvature K7 
This problem is equivalent to the local solvabihty of the equation 

ZuZ22 - zl^ = K{1 + IV;^!')^ (0.2) 

For this problem we obtain a similar result to that of Theorem 0.1. 

Theorem 0.2. Let a be a smooth curve passing through the origin. If K E , 

r > 58, and K vanishes to finite order on a , then there exists a piece of a C^-^^ 
surface in with Gaussian curvature K . 

With the goal of treating both problems simultaneously, we will study the local 
solvability of the following general Monge- Ampere equation 

det(^ij -|- aij(M, ^, V^)) = Kf{u, v, z, Vz), (0.3) 

where aij{u,v,p,q) and f{u,v,p,q) are smooth functions of p and q, f > 0, K 
vanishes to finite order along a smooth curve a passing through the origin, and aij 
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vanishes along a to an order greater than or equal to one degree less than that of 
K . Clearly equation (2) is of the form (3), and equation (1) is of the form (3) if F^j^. 
vanishes to the order of one degree less than that of K along cr, which we assume 
without loss of generality. More precisely, since cr is a geodesic we can introduce 
geodesic parallel coordinates, such that a becomes the I'-axis and ds^ — du^ + h^dv'^ , 
for some h e C^~^ satisfying 

Ku^-Kh, h{0,v)^l, /i„(0,t;) = 0. 

It then follows that the Christoffel symbols vanish to the appropriate order along the 
i'-axis. We will prove 

Theorem 0.3. Let a be a smooth curve passing through the origin. If K , aij , 
f & , r > 58, K vanishes to finite order along a , and aij vanishes to an order 
greater than or equal to one degree less than that of K along a , then there exists a 
C"""^^ local solution of (3). 

Equation (3) is elliptic if > 0, hyperbolic if X < 0, and of mixed type if K 
changes sign in a neighborhood of the origin. If K{{)) = and VK{0) ^ [13], then 

(3) is a nonlinear type of the Tricomi equation. While if the origin is a nondcgcncrate 
critical point for K [11], then (3) is a nonlinear type of Gallerstedt's equation [3]. In 
our case, assuming that K vanishes to some finite order n + 1 e Z>o along a (ie. 
all derivatives up to and including order n vanish along a), and aij vanishes at least 
to order n along a, the linearized equation for (3) may be put into the following 
canonical form after adding suitable first and second order perturbation terms and 
making an appropriate change of coordinates, 

Lu = y'^^^Aiu^^ + Uyy + y'^~^A2U^ + A^Uy + A^u, (0.4) 

where the Ai are smooth functions and Ai > or Ai < . It will be shown that this 
special canonical form is amenable to the making of estimates, even in the case that 

(4) changes type along the line y = 0. 

From now on wc assume that n > is even, since the case when n is odd may 
be treated by the results in [12] and [6] where K is assumed to be nonnegative or 
nonpositive, and the case n — Q may be treated by the methods of [13]. Purther- 
inore, we assume without loss of gmerality that the curve cr is given by an equation 
H{u,v) — 0, where H G C°° and i^^jo- > Mi for some constant Mi > 0. Let e be a 
small parameter and set u = e'^x, v = e'^y, z = /2 + e^w (the x^y used here are 
not the same as those appearing in (4)). Substituting into (3), we obtain 

$(w) := (1 + ewxx + aii){£Wyy + 022) - {ew^y + 012)^ - Kf = 0. (0.5) 

By the assumptions of Theorem 0.3 we may write 

= ^^"//"(x, y)Pij{e, x, y, w, Vw) 
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and 

Kf = y)P(£^ X, y, w, Vw), 

where 

H = e-^H, Hyl>M^, P>M2 

for some constant M2 > independent of e, and Pij, P are C' with respect to x,y 
and C°° with respect to the remaining variables. Then (5) becomes 

$(^) = {l + ew,, + e"'H''Pn){eWyy + e^"H''P22) 
= 0. 

Choose XQ.yo > and define the rectangle X = {{x.y) \ \x\ < xq, \y\ < yo} . Then 
solving = in X, is equivalent to solving (3) locally at the origin. 

In the following sections, we shall study the linearization of (6) about some func- 
tion w. In section §1 the linearization will be reduced to the canonical form (4). 
Existence and regularity for the modified linearized equation will be obtained in sec- 
tion §2. In section §3 we make the appropriate estimates in preparation for the 
Nash-Moser iteration procedure. Finally, in §4 we apply a modified version of the 
Nash-Moser procedure and obtain a solution of (6). An appendix is included in section 
§5 in order to justify removing the geodesic hypothesis from Theorem 0.1. 

1. Reduction to Canonical Form 

In this section we will bring the linearization of (6) into the canonical form (4). 
This shall be accomplished by adding certain perturbation terms and making ap- 
propriate changes of variables. The process will entail defining a sequence of linear 
operators Li, I < i < 7, where Li is the linearization of (6) and L7 is of the form 
(4); furthermore, Lj+i will differ from Lj by a perturbation term or by a change of 
variables. 

Fix a constant C > 0, and let w E C°°(M2) be such that Iwl^ie < C . Then the 
linearization of (6) evaluated at w is given by 

^i(^) = E ^j^-^^^ + E + (0-7) 

where xi — x, X2 — y and 





= e{ewyy + £2"i7"(a;, y)P22{e, x, y, w, Vw)), 


12 ~ "21 


= -e{ew:^y £^"if"(a;, y)Pi2{e, x, y, w, Vw)), 


&22 


= e{l + ew^^ + e^''H''{x,y)Pnie,x,y,w,Vw)), 


b\ 


= e'^H^ix,y)P,ie,x,y,w,Vw), 


hi 


= e^^H^ix,y)P2{e,x,y,w,Vw), 


h" 


= e^^H^{x,y)Ps{e,x,y,w,Ww), 
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for some Pi, P2, P3 . If £ is sufficiently small, we may solve for ewyy + £^"i7"P22 in 
equation (6) to obtain 

eWyy + £^"//"P22 = + £'"^"^12)' + £2(n+l)//n+lp + $(^)], (Q.S) 

where x, y, w, Vw, V'^w) — w^x + £^"~^i?"Pii . Plugging (8) into (7) we have, 



T ( \ T ( \ ^*(^) 



where 



" mg ■ 

Next define L3{w) by. 

To simplify (9), we will make a change of variables that will eliminate the mixed 
second derivative term. In constructing this change of variables we will make use of 
the following lemma from ordinary differential equations. 

Lemma 1.1 [1]. Let G{x,t) be a C' real valued function in the closed rectangle 
\x — s\ <Ti, \t\ < T2 . Let T = sup \G{x,t)\ in this domain. Then the initial value 
problem dx/dt = G{x,t) , ,t(0) = s , has a unique C'"*"^ solution defined on the interval 
\t\ < min(T2, Ti/T) . Moreover, x{s,t) is with respect to s. 

We now construct the desired change of variables. For any domain Q C M^, and 
constant /x, let fiQ = {ji{x,y) \ {x,y) G Q} . 

Lemma 1.2. For s sufficiently small, there exists a diffeomorphism 

^^^{x,y), v^y, 

of a domain Xi onto jiiX , where jii > 1, such that in the new variables {i^rf) , 
L^{w) is denoted by Li{w) and is given by 
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where Xi — ^, X2 — rj, and 

lA _ ^2(n+l) TTn+l p4 
^12 = ^21= 0> 



^2(1+£Q)2^ 2(l+£g)^ 



for some Pf^ , P^^ , P^ , and Pf^ > Ci for some constant Ci > independent of e 
and w . Furthermore ^ l^ijlci^ + 1^^ Ic^^ + |&^|ci2 < C2, for some C2 independent of 
e and w . 

Proof. Using the chain rule we find that &f 2 — ^12^^ + ^22^^ ■ Therefore, we seek a 
smooth function ^{x,y) such that 

h{2-bUx + hUy^Q in Xi, e(^,0) = x, (0.10) 

where Xi will be defined below. Since = 1, the line y = will be non- 
characteristic for (10). Then by the theory of first order partial differential equations, 
(10) is reduced to the following system of first order ODE: 

X — 6"^2, xifi) = S, — jJiiXQ < S < HiXq, 

y = 1, y(0)=0, 

i = 0, e(o) = s, 

where x = x{t), y — y{t), ^{t) — ^{x{t),y{t)) and x, y, ^ are derivatives with 

respect to t. 

Choose Hi > 1. We first show that the characteristic curves, given parametrically 
by {x,y) = {x{t),t), exist globally for —^lyo <t< /xiyo- We apply Lemma 1.1 with 
Ti = and T2 — i^iyo, to the initial- value problem x — bl2, x{0) — s. Let T 

be as in Lemma 1.1. Since |ty|ci6 < C , we have 

T = sup|6?2l < ^Ca, 
for some C3 independent of e . Then for e small, T < implying that 



min(r2,ri/r) = //iyo- 

Then Lemma 1.1 gives the desired global existence. 

Let Xi be the domain with boundary consisting of the two lines y = ±/ii?/o, 
and the two characteristics passing through ^/IiXq . Then the mapping (^, rj) takes 



6 



dXi onto dfiiX . We now show that the map p : HiX — )■ Xi given by {s,t) i— )> 
{x{s,t),y{s,t)) = {x{s,t),t), is a diffeomorphism. It will then follow that the map 
{x,y) I—)- {^{x,y),ri{x,y)) = {s{x,y),y) = p~^{x,y) is a diffeomorphism of Xi onto 
piX . To show that p is 1-1, suppose that = p(s2,^2)- Then = ^2 and 

x(si,ti) = x{s2,t2), which implies that Si = S2 by uniqueness for the initial-value 
problem for ordinary differential equations. To show that p is onto, take an arbitrary 
point {xi^yi) G Xi, then we wiU show that there exists s e [— /^iXq, Aiia;o] such that 
= {x{s,yi),yi) = {xi,yi). Since the map 

x{s,yi) : [-//iXo,/xiXo] [x{-piXo,yi),x{piXo,yi)] 

is continuous, and x{—piXo,yi) < Xi < x{piXo,yi) by definition of Xi, the interme- 
diate value theorem guarantees that there exists s G [— /ii^o, PiXq] with x{s, yi) — Xi . 
Therefore, p has a well-defined inverse p~^ : Xi — )> piX . 

To show that p~^ is smooth it is sufficient, by the inverse function theorem, to 
show that the Jacobian of p does not vanish at each point of piX . Since 



Dp^ 
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this is equivalent to showing that Xg does not vanish in fiiX . Differentiate the 
equation for x with respect to s to obtain, -^{xg) = {bl2)xXs, Xs{0) = 1. Then by 
the mean value theorem 

\xs{s,t) - 1| = \xs{s,t) -Xs{s,0)\ < piyoSup\{bl2)x\sup\xs\ 

for all {s,t) e piX . Thus, since |w|c;i6 < C, 

1 - epiyoC^snp \xs\ < Xs{s,t) < epiyoC4Sup\xs\ + 1 

for all {s,t) G piX . Hence for e sufficiently small, Xs{s,t) > in piX . We have now 
shown that p is a diffeomorphism. Moreover, by Lemma 1.1 and the inverse function 
theorem p, p^^ G C' . 

We now calculate bf^ and bf . We have 



Since = —bl2ix, plugging into (11) we obtain 



lA _ ^ ^ ^^x ^2(n+l) TTU+l p4 
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To show that P^^ > Ci, we now estimate By differentiating (10) with respect to 
X, we obtain 

bU^xh + i&.)y = -ibl2U^, Ux, 0) = 1. 

As above let {x{t),y{t)) be the parameterization for an arbitrary characteristic, then 
^x{t) — Cx{x{t),y{t)) satisfies — — (^i2)x^x, {^(0) = 1. By the mean value theorem 

\^x{t) - 1| = \^x{t) -^x{0)\ < iiivo sup \{bl2)x\ sup \^x\- 

Therefore 

1 - siiiVoCs sup l^^l < ^x{t) < £A*iZ/oC5 sup |^^| + 1. (0.12) 

Thus for s small > Ce > 0, showing that P^i > Ci for some Ci > independent 
of s and w. 

We now calculate bf . We have 

bt = bUxx + 2bUxy + bUyy + blCx + bUy. (0.13) 

Prom (10) we obtain 

^xy = ~ib^2)x^x ~ b^2^xx) ^yy = ~{bl2)y^x ~ bi2^xy (O-^^) 

Plugging into (13) produces 

p2(n+l) /jn+1 p 

4 _ e n r 3 3 

^1 — sQY 



M^e-^^^^^^^) (0.15) 

for some Qi, Q2- We now calculate the last term of (15). Prom (6) we have 
-^'^''j/ _ -ewyy{l + sQ) + s'^^mQ^ + ^w) 



•iX-l 



for some Qa. Then plugging (16) into (15), we obtain 



(0.16) 



^2(1 + £g)^ 



^"^xx) ^ ^xy'^xxy ~l~ ^ /'^'^yy'^xxx 



2 



(l + eQ) 

r /. , _ N 2 ,2 1 



2(1 + eQy^^^^^^^ ^ ^^"""^ ~ ^ ^""^ 



2{l + eQf 



for some Q^, . . . ,Qg. It follows from (15), that bf has the desired form. 

To complete the proof of Lemma 1.2, we now show that Yll^ijlc'^'^ + l^flc^^ + 
I^^|ci2 < C2, for some constant C2 independent of e and w. In view of the fact 
that |w|ci6 < C , this will be accomplished by showing that l^lc" < C7 for some C7 
independent of e and w . By (12) we find that 

sup \Cx\ < 7^ Cs- 

It follows from (10) that 

SUpl^j^l < Cg, 

where Cg is independent of e and w. 

We now estimate ^^x- Differentiate (10) two times with respect to x to obtain 

bl2i.^xx)x + {,^xx)y — ~'^{pl2)x^xx ~ ip\2)xx^x-i ^xxip^i^) — 0- 

Then the same procedure that yielded (12), produces 

sup \ixx\ < £)Ui|/oCio sup \^^^\ + e/iii/oCiiCg, 

implying that 

sup \ixx\ < z -pr- — C'ls- 

Xi 1 - £/^iyoCio 

Furthermore in light of (14), we can use the estimates for ^-^ and $,xx to estimate 
^xy, and then subsequently $,yy. Clearly, we can continue this procedure to yield 
ICIc" < C7. q.e.d. 
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We now continue defining the sequence of linear operators Li{w) . To simplify the 
coefficient of in L^^w) , we remove the portion of bf involving ^(w) and define 

where Xi = , X2 = f] ■ 

To bring L^i^w) into the canonical form (4), we shall need one more change of 
variables. 

Lemma 1.3. For e sufficiently small, there exists a C' diffeomorphism 

of a domain X2 C /iiX onto 112X , 1 < //2 < A*i , such that n^X properly contains the 
image of p~^{X) (where is the diffeomorphism given by Lemma 1.2), for some 
1 < /Is < ii2- In the new variables [a, (3), L^{w) is denoted by Lq{w) and is 
given by 

L,{w) = j2b^^d,^,^ + Y^b%^+b', 

where xi — a, X2 — P , and 

b\^ = £2(n+l)^n+lp6^ 

^22 — -'22 ) 

bl = ePl^ +ne^''P''-^P^\ 

for some Pf^, P^^, Pf\ Pf^ Pf, Pf, P|, such that Pfi,P|2 > C'ls M some 
constant C13 > independent of s and w . Furthermore ^ l&f^lci^ + l&f Ic^^ + |&®|ci2 < 
Ci4 , for some Cu independent of e and w . 

Proof. Using the chain rule we find that = ^ii/5$Q^$ + &22/5»?'^»?- Therefore, we 
seek a smooth function a{C,,ri) such that 

bt2 = bl,/3^a^ + bl2l3r,a^ = m X2, a{^,0) = ^, (0.17) 

where X2 will be defined below. By our original assumption on H made in the 
introduction, Hy > C15 for some C15 > independent of e. Therefore 

dx dy ^ 
= Hx-^ + Hy— = —Hx— + Hy > eCiQ + C15 > C17 > 0, 
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for some Ciq , Cn independent of e . Since 622 = ^ > follows that the line 7/ = is 
noncharacteristic for (17). Therefore, the methods used in the proof of Lemma 1.2 
show that the desired function a{^,r)) exists. 

We now define X2 . Since if^ > C17 > , we may choose /xi > ^2 > 1 such that the 
curves H{$^,ri) = ±/X2yo are properly contained in the strips {{^,1]) \ yo < rj < fiiUo} , 
{(^fV) I ~yo ^ V ^ ~fJ'iyo}- Then define X2 C fiiX to be the domain in the ,^,?7 
plane bounded by the curves if (^,77) = ±/X22/o and the characteristic curves of (17) 
passing through the points {±fi2Xo,0) . Then the methods of the proof of Lemma 
1.2 show that the mapping r : (^,77) ^ {<^{^:V): P{^:V)) is a diffeomorphism 
from X2 onto fj.2X . Furthermore, since p~^{X) C X2, if 113 is chosen large then 
Tip-'iX))CfisX. 

We now compute the coefficients b^j , b^ , b^ . We have 
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^2(n+l)^n+lp4 ^2 ^ £4(„+l)^2(n+l) (p4 )2^^ 
2(„+l)^n+l^p4 ^ ^2(„+l)^n+l^p4 )2g]^2 



g,2(n+l) ^n+lp^ 



«2J 



6 

11- 



As in the proof of Lemma 1.2, > Cis for some Cis > independent of e and w. 
Thus, if e is sufficiently small the properties of Pf, imply that Pf^ > C13 for some 
Ci3 > independent of e and w . Next we calculate 6^2 ■ 

6^2 = s^^'^+^^/^^+^PA/?! + := P^2- 
Since if^ > C17, if e is sufficiently small then P2^2 ^ C'13. Furthermore, by (17) 

bl = bl^a^^ + arjrj + bfa^ + b^ar. 



= bl,a^^-dr,i ^-5 — ii^^) + 6f + 6: 



2«»7 



^2n^np61 ^ ^£2n^„-lp62 



Lastly since = Hx{-r^) + Hy — 0{e) + Hy, we have 



= 0(£) + i/^^ = 0(£) + s'H,, = 0{s) 

Thus 

^6 _ 1,5 /p ,0 I ;,5 /p I 1,5 ; 



b2 = bt,/3^^ + /3,, + btf3^ + b'^/3, 

3.6: 
2 



£P|^ + n£2"/3"-^P2^2 
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We complete the proof by noting that the methods of the proof of Lemma 1.2 
show that J2 I^ijlci2 + l^ilci^ + |&^|ci2 < Cu, for some C14 independent of e and w . 
q.e.d. 

To obtain the canonical form (4), we define 

'^22 

where Xi — a, X2 — P , and 







12 ~ "21 


= 0, 




= 1, 


bl 




hi 









for some P/i , P/^ , P/2 , Pji , Pj2 ^ p7^ g^pj^ ^j^g^^ p7^ > g^j^g constant C19 > 

independent of e and w . In the following section, we shall study the existence and 
regularity theory for the operator Lr{w). 

2. Linectr Theory 

In this section we study the existence and regularity theory for the operator L7. 
More precisely, we will first extend the coefficients of Lj onto the entire plane in a 
manner that facilitates an a priori estimate, and then prove the existence of weak 
solutions having regularity in the a-direction. It will then be shown that these weak 
solutions are also regular in the ^-direction via a boot-strap argument. 

For simplicity of notation, put x — a, y — (3 , and L — L-j{w) . Then 

:= Ad:cx + dyy + Dd^ + Edy + F, 

for some Bi, . . . , Bq G such that Bi > M and |Pi|c7i2 < M', for some constants 
M,M > independent of e and w. By Lemma 1.3 A,D,E, and F are defined in 
the rectangle ■ We will modify these coefficients on — , so that they will 
be defined and of class C" on the entire plane. 



12 



Choose values yi, . . . ,yQ such that < yi < ■ ■ ■ < and yi = jj^yo, y^ = iJ.2yo- 
Let 6, Ml > be constants, where 6 will be chosen small. Fix a nonnegative cut-off 
function e C"^(M) such that 





if 


\y\ 


< 






if 


\y\ 


> 


ye- 



Furthermore, define functions ■01, '02, V'a ^ C°°(R) with properties: 
f if \y\ < 1/2, 

[ 1 if y > 1/3, 
a) V'l < if y < 0, > if y > 0, and ^1 > 0, 

...X / / N fo if y > -y5, 

III) W2\y) = N 

> -^21^; ify<-y6, 

iv) ■02 > 0, and — 5 < -02 ^ 0, 

f ff bl < y3, 
^^)03(y)=<Mi ifi/<-y4, 
[-Ml ffy>y4, 

vi) 03 > if y < 0, 03 < if y > 0, and < 0. 

Now define smooth extensions of A,D,E, and F to the entire plane by 

A = i/jiiy) + (f){x)(f){y)A, 

D = (t>{x)(t>{y)D, 

E = V'2(y) + 0(2:)0(y)^, 

F = V3(y) + 0(2:)0(y)F, 

and set 

L = + dyy + L>9^ + Edy + F. 

Before making estimates for L, we must define the function spaces that will be 
utilized. For m, I e Z>o , let 

(j{m, 0(^2^) = |„ . ^2 ^ M I ^^^t^ e c'(M2), s < m, t < Z}, 

and 

^(m, 0(^2^) = 1^ g c-Cm, 0(^2^) | ^ j^^^ compact support}. 
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Let 6* > be a small parameter, and define the norm 



L2(M2) 




s<m, t<l 



Then define Hp ''{W^) to be the closure of Ct' '(^'^) in the norm || • ||(^,,). 
Furthermore, let if™'(M^) be the Sobolev space with square integrable derivatives up 
to and including order m, with norm || • Lastly, denote the L^{R'^) inner product 
and norm by (•, •) and || • || respectively. 

We are now ready to estabhsh a basic estimate for the operator L on . This 
estimate will be used to establish a more general estimate, which will in turn be used 
as the foundation for the proof of the existence of weak solutions. 

Lemma 2.1. If e is sufficiently small, then there exists a constant Ci > 
independent of e , and functions a{y),b{y),j{y) e C°°(M) where j — 0{1) as y ^ oo, 
and 7 = as y ^ — oo such that 



{au + buy, Lu) >Ci{\\ -fUy f + || u f), for all u e C^i^^) . 

Proof. Wc first define the functions a and h. Let M2,M3,M4 > be constants 
satisfying M3 < M2 and ^M^ - M2 > 1. Then choose a, 6 e C°°(M) and M2, M3, M4 



such that: 




a) a < 



Ms, a' < if 1/ < 0, a' > if 1/ > 0, and a > -6, 




iv) 6 > 1, and b' < 0. 

Now let u e C^(M^), and integrate by parts to obtain 




where 




— bA^ + -bD, 
2 2 

1,' , ^ 
-a - -6 + bE, 

1 1 „ 1 



h 




aD. 



X 



a)F - -bFy. 
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We now estimate /i. If \y\ <yz then 

> £2("+l)C2y"0(x) > 0, 

for some constants C2 > 0, if 1/3 is chosen sufficiently small. Moreover, if \y\ > 1/3 we 
have 

^ ^ ' \IM4-M2 ify<0- 

for some C3 > 0, if £ is small. 

To estimate I^, we observe that for \y\ <yQ, 

h>M^ + 0{e). 

Furthermore, if \y\ > ye then 



l3>Ms + 



if 1/ > 0, 

(^M4y2 if y < 0. 




Hence, 1^ > 7^(?/) for some 7 e C°°(R) such that 7 = 0(l)asy— >-oo, and 

7 = 0(\y\) as y -> -cx). 
Next we show that 

Iiul + 2l2U^Uy + > C4 II 7^2^ II ^ 

for some C4 > 0. Prom our estimates on Ii and /s, this will follow if /1/3 — 27| > 0. 
A calculation shows that when |y| < ye^ we have 

hh-2ll > £2('^+i)C5y"<^(x) + 0(n^^^V-i<^(x)+£2V1<^'(^)l)' 

+ny"''\(l>'{x)\Mx) 
> 0, 

for some C5 > independent of £, if £ is sufficiently small. Moreover, if |y| > y^ 
then 

/1/3 - 2/2 = /1/3 > 0, 
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from which we obtain the desired conclusion. 

Lastly, we estimate I4. In the strip ||/| < 1/4, we obtain 

h >l + 0{e). 

Furthermore, if \y\ > 1/4 then 



I 4 > 



M1M3 + 0{e + S) if y > 0, 

Mi(|M4-M2) + 0(£ + (5) ify<0. 



Therefore, I4 > Cq for some Cq > independent of e. q.e.d. 

Having established the basic estimate, our goal shall now be to establish a more 
general estimate that involves derivatives of higher order in the x-direction. Let 
< •, • >jn denote the inner product on Hg"^'^\R'^) , that is, 

<u,v >m= / / Vrc}>(9>, for all u,v e H^'^''^\r''). 
J Jr^^^ 

Theorem 2.1. If e — £(m) is sufficiently small, then for each m < r — 2 , there 
exist constants 9{m) > and Cm > 0, both depending on \A\cm+2(^^2-^,\D\cm+2(^^2) , 
|£'|cm+2(]R2) , and |F|c'"+2(r2) , such that for all 9 < 9{m) 

m 

< au-\- bUy, Lu >m> C'mdl U W^mfi) 
for all u e C,°°(R2). 

Proof. We shall prove the estimate by induction on m. The case m = is given 
by Lemma 2.1. Let m > 1, and assume that the estimate holds for all integers less 
than m. 

Let u e C^°°(M2) and set w = d^u, then 

< au + buy, Lu >m (0.18) 
= < au-\- bUy, Lu >m-i +9^{aw + bwy, L^w) 

m—l 

+^™(aa> + bd:\, J2 dl{E,d^-'-'uy + ^,Fm-l-^^^-'-'u)), 



1=0 



where 



Lfn — Adxx + dyy + Djfidx + Edy + Fjn, 

Dm = D + mAx, Fm = F + mDx + ^^ -Axx- 
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We now estimate each term on the right-hand side of (18). By the induction assump- 
tion, 

m— 1 

<au + buy, Lu >m-i> Cm-i{\\ u ||(^_i,o) + ^0" W idluy f). (0.19) 

s=0 

In addition, since D^, A^., A^x have compact support and both = 0{mne^^y^~^) , 
and mDx + A^x = 0{m'^ns'^'^) near the origin, if e = e{m) is sufficiently small 

then the coefficients of have the same properties as those of L so that Lemma 
2.1 applies to yield, 

^™(aw + bwy, L^w) > ^'"Cidl 'ywy \\^ + \\ w \\^). (0.20) 

Furthermore, integrating by parts produces 

m—l 

(a9> + 69>„ J2 di(Exdr'-'uy + d^F^^.^^dr'-'u)) (0.21) 

j=0 

= / / [e^_i(9rM' + en^-2(9rM' + --- + eo^i' 
J Jr^ 

+g^-id^ud^-\y + gm-2d^-\d^-^Uy + ■■■ + goUxUy], 

for some functions Ci, fi, Qi depending on the derivatives of A, D, E and F up to and 
including order m + 2 . 

Observe that the power of 9 in the third term on the right of (18), is sufficiently 
large to guarantee that the right-hand side of (21) may be absorbed into the combined 
right-hand sides of (19) and (20), for all 9 < 9{m) if 9{m) is sufficiently small. Thus, 
we obtain 

m 

< au + bUy,Lu >m> CmiW u ||f^_o) II f)^ 

completing the proof by induction, q.e.d. 
Let / e L^(]R^), and consider the equation 

Lu = /. (0.22) 

A function u e L^(M^) is said to be a weak solution of (22) if 

{u,L*v) = {f,v), for all v e C^{M.^), 

where L* is the formal adjoint of L. The estimate of Theorem 2.1 shall serve as 
the basis for establishing the existence of weak solutions via the method of Galerkin 
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approximation. That is, we shall construct certain finite-dimensional approximations 
of (22), and then pass to the limit to obtain a solution. 

Let {MZi be a basis of H^"'+'^{R) that is orthonormal in H]^'{M.). Such a 
sequence may be constructed by applying the Gram-Schmidt process to a basis of 
Hg'^^'^CR). Choose a positive integer N. We seek an approximate solution, , of 
equation (22) in the form 



N 



1=1 



where the functions di are to be determined from the relations 

f2 e-^d^M'^dx = [f2 (^'^d'Jdx, l = l,...,N. (0.23) 

s=0 -^^8=0 

The following lemma will establish the existence of the d^ . 

Lemma 2.2. Suppose that e = e{m) and 6{m) are sufficiently small, and f e 
i/^"'°^(R2)^ m < r - 2. Then there exist functions df e H'^{B), I = 1,...,N, 
satisfying (23) in the L'^(R) -sense. 

Proof. Choose e and 9 so small that Theorem 2.1 is valid. Since is an 

orthonormal set in H'g'-{R), (23) becomes 



N m „ ,^ ; 

«'''^'9:(E0Orfa;)(rff)' 



('if)"+EE(/'' 

i=l s=0 •^'^ 



dx'^ 



N m 



+ E E ^^Jf-^*;') + ^^.(^*;) + '^Sl(mdx)4 (0.24) 

- 1 i:»-'^s-jdx, i=i,...,]v. 

By the theory of ordinary differential equations, it is sufficient to prove uniqueness to 
obtain existence of a solution to system (24). 

We now estabhsh the uniqueness of solutions to (24) in the space if^(R) . Multiply 
(23) by a{y)df{y) + b{y){dj^)' (y) , sum over I from 1 to A^, and then integrate with 
respect to y over K to obtain 



It now follows from Theorem 2.1 that 



s=0 
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for some constant Cm > independent of . Again using the orthonormal properties 
of we find 

N rn 

EdI < ll« + II ^«)' ll«) =11 IIU + E II ^9>y II' ■ (0-26) 

/=1 s=0 

Uniqueness for solutions of (23) in the space of functions for which the left-hand side 
of (26) is finite, now follows from (25) and (26). Thus, existence of a solution in this 
space is guaranteed; furthermore, since we can solve for (df) in (24), it follows that 
this solution is in i7^(R). q.e.d. 

Before proving the existence of a weak solution to equation (22), we will need one 
more lemma. 

Lemma 2.3. Let v e C^{M?) . Then there exists a unique solution, v e 
//(°°'0)(R2) nC°°(R2)^ of the equation 

^_Q-^mQ2m^ + {-e)""'^ df^'^^V + • • • + V = (0.27) 

Proof. By the Riesz Representation Theorem, there exists a unique v e i?("*'°)(R^) , 
such that 

<v,w >m= {v, w), for all w e C~(r2). (o.28) 

Thus is a weak solution of (27), and by the theory of ordinary differential equations 
with parameter, we have v G C°^(]R^). 

We now show that v G if'^°^'°)(R^) . It follows from (28) and the result of Friedrichs 
[2] on the identity of weak and strong solutions, that there exists a sequence {v^}'^=i C 
C~(R2) such that ^v\n //("^'0)(R2) , and 

^_Q^rnQ2m^k + . . . + (-^) ^ 9^+'^''' ^V- {-9)^ d^°V V 

in L^(R^) , where tuq = m if m is even, and TOq — m — 1 if m is odd. Therefore 




J Jr2 

> lim // 2[{-9rdl'^v'' + --- + {-9)^d^''+^v''] 

+ lim [ [ [{-e)'^d^''v^ + ■■■ + v^f. 
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Integrating by parts yields 

[ [ v^> lim [ [ + . . . + (v'^y^ 

if m > 1 . Since bounded sets in Hilbert spaces are weakly compact, v'''- v weakly 
in i/("*+i'°)(M2) ^ for some v e H^^'+^'^^R^) , where is a subsequence of 

For simplicity, we denote v'^'^ by v'^ . 

We now show that v = v. By the Riesz Representation Theorem, there exists 
w e i7("*+i'°)(M2) such that 

<w,z >m+i^<v-v, z >m, for all z e i/("*+^'°)(R2). 
In particular, setting z = v'' — v we have 

lim < w,v'' — V >m+i— lim < v — v,v'' — v >jn—\\ v — v \\lmO) ■ (0.29) 
Furthermore, since ^ v we have 

lim <w,v^ -V >m+i^ 0. (0.30) 

Combining (29) and (30) we obtain v = vivl (M^) ^ implying that v G (M^) 

Recall that we assumed that m > 1; however, if m = 1 we still obtain v G 
^(m+i,o)^]^2j solving for d^xV in (27). A boot-strap argument can now be used to 
show that V G i/(°°'°)(K^)- q-e.d. 

We are now ready to establish the existence of a weak solution of equation (22), 
having regularity in the x -direction. 

Theorem 2.2. If e = e{m) and 6{m) are sufficiently small, then for every 
f G Hf''^\R?), m <r-2, there exists a unique weak solution u G H^'^^ {W?) of 
(22). 

Proof. For each G Z>o, let G H^^''^\r^) be given by Lemma 2.2. Then 
applying Cauchy's inequality {pq < Kp^ + , k > 0) to the right-hand side of (25), 
we obtain 

II ||(m,l)< C'm II / ll(m,0), (0.31) 

where C'^ is independent of A^. Since bounded sets in Hilbert spaces are weakly 
compact, there exists a subsequence such that u^* ^ in Hg^'^\M.'^), for 

some u G H^"'''^\R^) . 

We now show that m is a weak solution of (22). Let v G C^(M^) and let v G 
//(~'0)(M2) n C°°(M2) be the solution of 

(_^)m^2m- ^ (_^)m-1^2(m-l)- + . . . + ^ ^ 
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given by Lemma 2.3. Since {(piix)}^-^ forms a basis in H^'^+^iR), we can find 
ef*(|/) e H°^{R) such that v^* := E£i ef"* ^ ^; in i/f "'^'''^(R^) as 

oo . Then multiply (23) by ef^* , sum over / from 1 to A^* , and integrate with respect 
to y over R to obtain 

Integrating by parts and letting A^, — >■ oo produces, 



(m, L*(^;^^* + • • • + {-erdf'v''*)) = (/, + . . . + (-^)"9f' i;''*). 
Furthermore, by letting A^* — >■ oo we obtain 

{u,L*v) = {f,v). 

Uniqueness of the weak solution follows from (31). q.e.d. 

We now prove regularity in the ^/-direction for the weak solution given by The- 
orem 2.2, in the case that / G //'"(R^). The following standard lemma concerning 
difference quotients will be needed. 

Lemma 2.4. Let w G L^(R^) have compact support, and define 

= j^iwix, y + h)- w{x, y)). 

If II II < Cs where Cg is independent of h, then w G H^'^'^^iV) for any compact 
V (ZR^ . Furthermore, if w e H^^^^^{R?) then 

II ||< II Wy II, 

for some Cg independent of h . 

Theorem 2.3. Suppose that the hypotheses of Theorem 2.2 are fulfilled and that 
f G H"'(R?), then u G H'"{li2X) . 

Proof. If m = 0, 1, then the desired conclusion follows directly from Theorem 2.2, 
so assume that m >2. Let ( G C°°(R^) be a cut-off function such that 



1 if {x,y) G 112X, 

if (x,y) G (/X2 + 1)X. 



Let u G i/^^'^^R^) be the weak solution of (22) given by Theorem 2.2. Set w — (u, 
then since rt is a weak solution of (22) we obtain 



[w,v]:= / / WyVy - EwyV - Fwv ^ / / -/v, for all f G C^(R^), 

J Jr2 J J]r2 

where f ^ (f - ACu^^ + (yyU + 2C,yUy - DC^u^ + EC,yU. 
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Using Lemma 2.4 and the fact that / e L^(M^) , we have 

< |[«;,^-'^]|+Cio II ^; 11(0,1) 

= I / / /^"1+Cio|h 11(0,1) (0.32) 

< C'li II V 11(0,1), 

for some constants Cio, Cu independent of h. Furthermore, integrating by parts 
yields 

Ci2 II V 11^0,1) < Ib,^;]| + Ci3 II ^; II . (0.33) 
The estimates (32) and (33) also hold \l v — . Therefore 

Ci2 II ||Jo,i) < C'li ||u;'MI(o,i)+Ci3||w'^|| 

< Cii II 11(0,1) +Ci4, 

for some constant C14 independent oi h. It follows that || 1 1 (0,1) < C'15 independent 
of h. Hence, by Lemma 2.4 w e if^°'^^(y) for any compact y C R^. Since w = u in 

IJL2X, we have u G H^°''^\j22X) . 

By differentiating Lu = f with respect tox, s = l,...,m — 2 times, we obtain 

s-l 

L,z = a:/ - 5^ a;(E.ar'-^% + a.F,_i_,ar'-^«), (o.34) 

i=0 

where z = d^u and L^, were defined in (18). We may then apply the above 
procedure to equation (34) and obtain d^u G H^'^''^\ij,2X) , s = l,...,m — 2. 

Lastly denote the right-hand side of (34) by fs , then the following equation holds 
in L'^ifx^X), 

s(s — 1) 

Zyy ^ fs- Aza^x -{D + sAx)zx - Ezy - (F + sD^ + — -Axx)z. (0.35) 

Since the right-hand side of (35) is in iJ(°'i)(/i2X), it follows that Zyy G H^^'^\fi2X) . 
Then by differentiating (35) with respect to |/, we may apply a boot-strap argument 
to obtain u G i7™(/X2-^)- q.e.d. 

3. The Moser Estimate 

Having established the existence of regular solutions to a small perturbation of the 
linearized equation for (6), we intend to apply a Nash-Moser type iteration procedure 
in the following section, to obtain a smooth solution of (6) in X . In the current 
section, we shall make preparations for the Nash-Moser procedure by establishing a 
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certain a priori estimate. This estimate, referred to as the Moser estimate, will estab- 
lish the dependence of the solution u of (22), on the coefficients of the linearization 
as well as on the right-hand side, / . If the linearization is evaluated at some function 
w e C°°{ijL2X) , then the Moser estimate is of the form 

II u \\h"^< C'mdl / Hi/'" + II w Wn^+miW f \\h^), (0.36) 

for some constants Cm and mi independent of e and w. 

Estimate (36) will first be established in the coordinates (a, (3) , which we have 
been denoting by {x, y) for convenience, and later converted into the original coor- 
dinates (x, y) of the introduction. We will need the Gagliardo-Nirenberg estimates 
contained in the following lemma. 

Lemma 3.1. Let u,v e C''{il). 

i) If a and g are multi-indices such that \a\ + \g\ — k , then there exist constants 
A4i and M.2 depending on k, such that 

II d^ud^v ||l2(o)< A^i(|m|l->(o) II V Wnk^n) + II u \\Hk(n) l^^k-(Q)), 

and 

l&'ud^vlcofji^ < M2{\u\co(a)\v\ck^^ + |'u|cfc(n)klco(n))- 

ii) // (Ti, . . . , (Ti are multi-indices such that \(Ji\-\ — • + l^d — k, then there exists 
a constant Ai^ depending on I and k, such that 

II d'''ui---dr^ui |U2(n) 

I 

< M-i^{\Ui\L-<'{Q,)- ■ ■\Uj\^oo(Q)- ■ ■\ui\l--{Q)) \\Uj \\Hk{Q), 

i=i 

where |%|^oo(f2) indicates the absence of |%| 1,00(^2). 

Hi) Let B C he compact and contain the origin, and let G e C°°{B). If 
u G H^^'^iyt, B) and \\ u ^h'^{q,)< C for some fixed C, then there exist constants 
M,Mk > such that 

\\Gou ||ijfe(Q)< M + Mk II u Wnk+^n): 

where M =¥01(^)1^(0)1. 

Proof. These estimates are standard consequences of the interpolation inequalities, 
and may be found in, for instance, [20]. q.e.d. 

Estimate (36) will follow by induction from the next two propositions. The first 
shall establish an estimate for the ^-derivatives only, while the second deals with all 
remaining derivatives. 
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Proposition 3.1. Suppose that the linearization, Li, is evaluated at some func- 
tion w e C^(M2) with \w\ci6 <Ci, as in (7). Let f e and u G //(^'^^(M^jn 
H"^{lj,2X), m <r — 7 , be the solution of (22). If e = £{m) is sufficiently small, then 

II 5> II + II II 

< C',„(ll / l|m + II U ||i/'«-i(//2X) + II W ||i7m+7(^2X)|| / \\m{iX2X)), 

for some constant Cm independent of e and w . 

Proof. We proceed by induction on m. The case m = is given by Lemma 2.1. 
Now assume that the estimate holds for all positive integers less than m . Differentiate 
L{w)u — f m-times with respect to x and put v — d!^u, then 

m— 1 
1=0 

where and F.^ were defined in (18). If £ = e{m) is sufficiently small, we can 
apply Lemma 2.1 to obtain 

||9>|| + ||9>, ||<M||/^||. (0.37) 

We now estimate each term of fm- Let || • H^, 1X2X denote || ■ \\H^{^l2X)■l and | • joo 
denote | • \l°°[,j,2X)- A calculation shows that 

m— 1 m— 1 i / • \ 

i=0 i=l j=l \ / 

Then using Lemma 3.1 (i) and (Hi), and recalling that vanishes on M? — fJ,2X , 
we obtain 

m— 1 



i=0 



+ M2{\dlE\oo II U \\m-l, H2X + II d^E \\m-l,iJ.2X \u\oo) 

< Ml II d:^-\ II 

+ M3(|£'|(^2(^2X) II \\rn-l,tM2X + || W \\m+6, fM2x\\ U \\2,fM2x)- 



Using the fact that 1-51^2(^2;^) < C14 (Lemma 1.3), and the induction assumption, we 
have 

m—l 

\\J29liE^9r'-'uy)\\ (0.38) 

1=0 

^ ^m-l(ll / IU-1 + II 1* ||m-l, iJ,2X + \\w \\m+e, /i2^ II lb, M2^)- 
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In a similar manner, we may estimate 

m— 1 

II 5]a;(a.F^_i_,ar'-^«) II (0.39) 

< Cm-ldl / l|m-l + II U \\m-l, /Ua^ + || W \\m+7, M2x|| U ||2, fx^x)- 

Furthermore, the methods used above can be made to show that 

II u II2, H2X< M4 II / II2, n^X ■ 

Then (38) and (39) yield 

II 5> II + II II 

^ Cm{\\ f \\m + \\ U \\m-l, IX2X + || l|m+7, ^2^11 / II2, ^2^), 

completing the proof by induction, q.e.d. 

We now estimate the remaining derivatives. 

Proposition 3.2. Let u, w , f , e , and m be as in Proposition 3.1. Then 

II dld'yU II 

^ Cm{\\ f \\m, H2X + \\u \\m-l, H2X +11^^ ||m+7, ^2^11 / lb, ^2^), 

for < s < m — t, < t < m, where is independent of e and w . 

Proof The cases t — 0,1 are given by Proposition 3.1. We will proceed by 
induction on t . Assume that the desired estimate holds forO<s<m — < t < 

k-1, 0<k<m. 

Solving for Uyy in the equation L{w)u = / , we obtain 

'^yy^ f - '^'^xx - Du^ - Euy - Fu := /. (0.40) 
Differentiate (40) with respect to where < s < m — /c , then 

dld^^u = dld^'-f. (0.41) 

We now estimate each term on the right-hand side of (41). Using Lemma 3.1 {i) 
and {iii) , we have 

II dldl^Au.,.,) \\,,x 

P'^s, q'<fc — 2 

<MU\\ d'+^d^y-\ |U2X+|A|c;i(M2X) ||«||m-l,M2X+ M|U,M2x|m|oo) 
<^5(ll ^x^'^J"'" IU2X + II U |U-1,M2X + II W |U+4,M2X|| / ||2,M2X)- 
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Furthermore, since s < m — k the induction assumption imphes that 



II QS+2ofe-2„, II 

< Medl / |U,M2X + II u 



m 



1, ti2X + II W \\m+7, IJ.2X\\ f h, iX2x)- 



Thus 



II dld^-^Au,,) \l,x 

< My{\\ f |U,;.2X+ II U 



m 



1, H2X + II W \\m+7, IJ.2X\\ f II2, ij.2x)- 



The remaining terms on the right-hand side of (41) may be estimated in a similar 
manner. Therefore 



for < s < m — A; . The proof is now complete by induction, q.e.d. 

By combining the previous two propositions, we obtain the following Moser esti- 
mate. 

Theorem 3.1. Let u, w , f , e, and m he as in Proposition 3.2. Then 



where Cm is independent of e and w . 

Proof. This follows by induction on m, using Proposition 3.2. q.e.d. 

The Moser estimate of Theorem 3.1 is in terms of the variables (a, /3) of Lemma 
1.3. Since the Nash-Moser iteration procedure of the following section will be car- 
ried out in the original variables, (x, y) , of the introduction, we will now obtain an 
analog; ous Moser estimate in these original coordinates. Let || ■ ||m, ri) || ■ ||m ni 
and II ■ 11^ denote the H^'^il) norm with respect to the variables {x,y), {i,ri), 
and respectively; a similar notation will be used for the C"^[Vl) norms. The 

following estimates will be needed in transforming the estimate of Theorem 3.1 into 
the original variables. 

Lemma 3.2. If e — e{m) is sufficiently small, then 




U \\m, H2X^ CjniW f \\m, H2X + 11""^ l|m+7, H2x\\ f lb, H2x), 



ix \\m, Xi< C'm(l+ II W \\m+7, xj, 



and 



II \\'m,X2< C'm(l+ II W \\m+7,X2)^ 

where are independent of e and w , and , X2 were defined in Lemmas 



1.2 and 1.3. 
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Proof. We shall only prove the first estimate, since a similar argument yields the 
second. The estimate will be proven by induction on m. From the proof of Lemma 
1.2 we have, 

which gives the case m — 0. Now assume that the following estimate holds. 
We will first estimate the x -derivatives. Differentiate the equation, 

bl2{Qx + {Qy = -{bl2Ux: (0-42) 

m-times with respect to x to obtain 

m— 1 
i=0 

Then estimating d'^^x along the characteristics of (42) as in the proof of Lemma 1.2, 
we find 

\(^T^x\c<-'>(Xi) < /^iyolfi'lcO(Xi)- 

Using the second half of Lemma 3.1 (i) in the same way that the first half was used 
in Proposition 3.1, and recalling that |&i2lc2(Xi) — ^-^lo, produces 

\9\c"(Xi) 
< (m+l)5Mio|9re.lco(X,) 

+-^lo(l(^12)a;a;|cO(Xi)ICa;|c""-i(Xi) + \ibl2)xx\c"^-i(Xi) 

Therefore if e is small enough to guarantee that (m + l)/iiyo£^^io < | , we can bring 
to the left-hand side: 

\'^T^x\co(Xi) ^ ^ui\^x\cm-i(Xi) + I^12lc"'+i(^i))- (0.43) 



By solving for {^x)y in equation (42), and differentiating the result with respect 
to d^dy^^ , < s < m — t, < t < m, we can use the techniques of Proposition 3.2, 
combined with Lemma 3.1 (i) and (43), to obtain 

\9x9lCx\co(Xi) < Mi2{\^x\cm-i(x-,) + I^'i2lc""+i(^i))- (0.44) 



By the induction assumption on m , (44) implies that 
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Then the Sobolev Embedding Theorem gives 

II \\m, Xi< Mu II fe?2 l|m+3, Xi ■ 

Thus, by Lemma 3.1 (iii) we have 

II \\m, Xi < Mi5(l+ II \\m+7, Xi)- 

q.e.d. 

Theorem 3.2. Let u, w, and f be as in Theorem 3.1, and m < r — 25. If 

e — s{m) is sufficiently small, then 

II U \\m,X< Cm{\\ f \\m, Xi + 11^^ ||m+25, xJI / II2, xj, 

where Cm is independent of e and w . 

Proof. We first prove an analogue of the desired estimate in terms of the variables 
(^, 77) . Observe that 

for some Afie > 0, if e is sufficiently small. Let (^(6^2) = + ^1^12) ^ ^^id 

s — m — t, < t < m. A calculation shows that 



k=0 i=Q 



where the Rik are polynomials in the variables V^|^^a, V^^^C^ '^a!/3^i2> V^*^G'(6f2)> 
V^^^"^^/?, such that \aj\ < m — k, 1 < j < 5, and \a^\ < m — k, where \a^\ 
represents the sum over all aj appearing in an arbitrary term of Rik- Then using 
Lemma 3.1 (ii) and {Hi), we find that 

wdidiu ii:^,<Mi8[ii..ii:,^^^ 

+ (ll 111, f,^X + II 111, H2X + II ^'12 III+2, ^^x)\u\oo] (0.46) 

m, H2X "'"(11 \\m+2, 1J.2X "I" II llm+6, /i2x) I'^loo] ■ 

Similarly, 

II d'^d^u \\l^x< Mi9[|| u +(|| C^^^ + II ^ iL+e, xJI^^U]. (0.47) 

Then by Theorem 3.1, the Sobolev Lemma, and (46) we have 

II dplu W'x, < M2o(|| / ||l,^,x + II w 111+7,^2x11 / II2' M2X) 

+^20(ll II m+2, ^2X "I" II llm+6, /i2X )ll/ll2,X2- (0-48) 
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We now estimate the terms on the right-hand side of (48). Using Lemma 3.1 (i), 
[iii) , Lemma 3.2, (45), and (47) we have 

II f H" 

II Sa llm+2, //2X 

< -^21 [II llm+2, X2 +(ll llm+4, X2 + II '"^ llm+8, X2 

CX) I 

< M22[|| 

^(^12) llm+2, X2 II IIto+4, X2 "I" II '"^ llm+8, X2] 

< M23[|G(&L)loo II a^' \L+2,X, + II '-^(^12) llm+2, X2 I'^^^joo 
+ II IL+4, X2 + II IL+8, X2] 

< M24[|| \L+A, X2 + II «^ L+8, X2] 

< M25[l+ ||«^L+11,X2]- 

Furthermore by (47), Lemma 3.2, and the Sobolev Lemma 

II f \\m, 

< ^26[|| / IL, X2 «5 llm+2, X2 + II ^ llm+6, X^) II / II2, X2] 

< M2e[|| / II 

m, X2 + II '"^ llm+9, X2II / II2, X2\- 

Also, the same method yields 

II W ||m+7,/.2X < ^27(11 W \\rr^+^,X2 + II ^ llm+16,X2ll ^ 112,^2) 
< ^27 II ^ llm+16,X2 ■ 

Therefore, from (48) and the above estimates we obtain 

II U \L,X2< ^28(11 / ||m,X2 + II W llm+16,X2ll / ll2,X2)- (O'^S) 

We can now apply the same procedure to obtain the following analogue of (49) in 
terms of the original variables (x, y) , 

II U \\m,X< M29(|| / ||m, Xi + || «^ ||m+25, xJI / II2, xj- 

q.e.d. 

4. The Nash-Moser Procedure 



In this section we will carry out a Nash-Moser type iteration procedure to obtain 
a solution of 

$(w) = in X (0.50) 

Instead of solving the linearized equation at each iteration, we shall solve a small 
perturbation of the modified linearized equation L-j{y)u — /, and then estimate the 
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error at each step. However, the theory of sections §2 and §3 requires that v and 
/ be defined on the whole plane. Therefore, we will need the following extension 
theorem. 

Theorem 4.1 [19]. Let fl be a bounded convex domain in M^, with Lipschitz 
smooth boundary. Then there exists a linear operator Tq, : L^(f2) — )■ L^(M^) such 
that: 

i) Tn{g)\Q = g, 

ii) Tq : H'^{Vt) H'^iM?) continuously for each m e Z>o. 

As with all Nash-Moser iteration schemes we will need smoothing operators, 
which we now construct. Fix x ^ C'^{E?) such that £ = 1 inside X. Let 
x{x) = J J-g2 x{v)^'^^^^^dr] be the inverse Fourier transform of %. Then % is a 
Schwartz function and satisfies J J^2 xi^)dx = 1, J J^2 a;^x(x)dx = for any multi- 
index /3 , /3 ^ 0. If (yf e L^(R^) and fj, > 1, we define smoothing operators 
S'^ : L2(M2) ^ H^{R^) by 

{S'f,g){x) = I I x{Mx-y))g{y)dy. 

J JR2 

Then we have (see [18]), 

Lemma 4.1. Let l,m E Z>o and g E H'-{R^), then 

II ^fi9 ||i/'"(K2)< Cl-rn II g ||//'(K2), m < I , 

^0 II Sfj^g ||h'"(r2)< Ci.mH"'-^'' II g ||h'(r2), I < m, 
Hi) II g - S'^g |Um(M2)< Q,^//""-' || g \\hi{9?) , m<l. 

Furthermore, we obtain smoothing operators on X, 5*^ : L'^{X) — >■ H°°{X), by 
setting Sfj,g — {S'ijTg)\x, where T is the extension operator given by Theorem 4.1 
with Q ~ X . Moreover, it is clear that the corresponding results of Lemma 4.1 hold 

for S^,. 

We now set up the underlying iterative procedure. Let fj^k = l-i''^ , = 5"^^ , 
Sk = Sfj,^ , and wq = 0. Suppose that functions wq, wi, . . . ,Wk have been defined on 
X, and put vj — S'jTwj, < j < k. Let L(vk) denote the hnearization of (50) 
evaluated at Vk, and let Ls(vk) be a small perturbation (on X) of Liiyk) to be given 
below, where Lji^Vk) is as in section §1. Then define Wk+i — Wk + Uk where Uk is the 
solution, restricted to X, of 

Ls{vk)uk = fk, (0.51) 

given by Theorem 2.2 (see Lemma 4.2 below), and where fk will be specified below. 
Let Qk{wk,Uk) denote the quadratic error in the Taylor expansion of $ at Wk- 
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Then using the definition of L7 we have 



^Wk+i) (0.52) 
= ^{wk) + L{wk)uk + Qk{wk, Uk) 

= ^{Wk) + Ak{Wk)dxxUk + Qk{Wk, Uk) 

+e{l+ e{wk)xx+ £^"H"Pn{wk)){P22{wk)L7{wk)uk+ Dk{wk)dxUk) 
= ^Wk)+e{l + e{vk)xx + e^''H''Pn{vk))\xP22{'"k\x)L8{vk\x)uk 
+ek, 

where 

Ck = e{Pk{wk)Ls{wk) - Pk{vk\x)Ls{vk\x))uk + Ak{wk)dxxUk 

+Qk{Wk,Uk) - ePk{Wk){P22{Wk)MdaaUk " {SkDk{Wk))dxUk) , 

PkM = (1 + e{Wk)xx + 5'"i/"PiiK))P|2K), 

Pkiwk) = 1 + eiwk)xx + £'"i^"PiiK), 

AfcK) = eP-\wkMwk), Ak = + i^M, 

1 2 1 2 

L%(Wk)Uk = L'!{Wk)Uk + AkdaaUk 

the functions and ipi are as in section §2, (a, /3) arc the coordinates of Lemma 
1.3; note also also that wc use (f)\x = 1 and T(-)|x = / in (52). 

We now define fk- In order to solve (51) with the theory of section §2, we require 
fk to be defined on all of IR^ . Furthermore, we need the right-hand side of (52) to 
tend to zero sufficiently fast, to make up for the error incurred at each step by solving 
(51) instead of solving the unmodified linearized equation. Therefore we set £^0 = 0, 

= Si=o ' define 

fo^-T[iePo{vo)r'SoHwo)], 

fk = T[{sPk{vk))-'{Sk-iEk-, - SkEk + {Sk-i - SkMwo))]. 
It follows that 

k 

^Wk+i) = <^{wo) + J2^Pii'"i\^)iMx) + Ek + ek (0.53) 
= {I-Skmwo) + {I-Sk)Ek + ek. 
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In what follows, we will show that the right-hand side of (53) tends to zero sufficiently 
fast to guarantee the convergence of {w^j^Q to a solution of (50). 

Let 6 be a positive number that will be chosen as large as possible, set 5 — 
and ijl = £"5+1 . Furthermore, let m* e Z>o be such that ^(wq) e H'^*(X). 
For convenience we will denote the H^[X) and if'"(R^) norms by || • ||m and 
II ■ ||m, R2, respectively. The convergence of {wk}'k=Q will follow from the following 
eight statements, valid for < m < — 25 unless specified otherwise, which shall 
be proven by induction on j, for some constants Ci,C2,C3, and C4 independent of 
J, £, and but dependent on m. 

Ij: II ||m< 



IL-: II IL< 



Ci(5 ifm-6<-l/2. 



J • II 3 ||m_ if ^ _ ^, > 1/2, 

III J-: II Wj ||i8< Ci5, II Vj II18, R2< C35, 
IV,-: \\wj-Vj\\m< 02811'^-^ 




if m - 6 < -1/2, 

< m < 00, 

ifm-6>l/2. 



VI,-: II e,-_i |U< £5^7-1 , < m < - 30, 



VII, : II /, lU, M2< C452(l + < m < m, , 

VIII, -: II $(w,-) |U< < m < - 30. 

Assume that the above eight statements hold for j = 0, . . . ,k. Before showing 
the induction step we will need the following preliminary lemma which allows us to 
study equation (51). 

Lemma 4.2. // e is sufficiently small, then the theory of sections §2 and §3 
applies to the operators L^lvk) and Ls{vo) . 

Proof. We first show that Lemma 2.1 holds for L^{vk) ■ Extend the coefficients of 
Ljivk) to the entire q;/3 -plane and denote them by A^, D^, Ek, as in section §2. 
Write _ _ _ _ 

Ls{vk) = Akdaa + dpp + Dkda + Ekdfs + Fk, 

let /j, i = 1, 2, 3, 4, be as in the proof of Lemma 2.1, and let /j be analogous to /j 
with Ak, Dk, Ek, Fk replaced by A^, D^, E^, F^. Then a calculation shows that 



h>h + 



£%-V(a)(i + 0(|/3|)) if|/3|<|/3, 
C + 0{e) if|/9|>t/3, 



32 



for some constant C > independent of e and where 7/3 is as in the proof of 
Lemma 2.1. Furthermore, using the definition of $, Lemma 3.1 (iii), and 111^, we 
have 

|(/ - Sk)Dk{vk)\c^^x) < C\\{I- Sk)Dk{vk) II2 

< Cfif II Dkivk) II7 

< II Vk II12 

since $(0) = ©(s^") . It follows that 

T3>h + 0{e5iif(l){a)), h = h + 0{e), 

from which we also find 

hh - 2JI > hh - 2ll + e5^xl%{a){C + 0{^xl^ + £)) > 0, 

if e is sufficiently small. We then conclude that Lemma 2.1 holds for Lg{vk) ■ Similarly, 
the proofs of the remaining results of sections §2 and §3 need only slight modifications 
to show that they also hold for Lslvk)- Lastly, the same method applies to Ls{vo) if 
we note that 

\{I-So)Do{vo)\coix)<Cs^''. 

q.e.d. 

The next four propositions will show that the above eight statements hold for 
j = k + 1. The case j = will be proven shortly there after. 

Proposition 4.1. If 27 < b < — 26, < m < — 25, and e is sufficiently 
small, then Ifc+i, Hk+i, IUfc+i) IV^+i, and Vk+i hold. 

Proof. Ik+i'- First note that by Illfe, 

|'yfc|cl6(R2) <C \\Vk II18, R2< C . 

Therefore, we may apply Lemma 4.2 and the theory of section §2 to obtain the 
solution Uk of (51). We require m < — 25 so that the hypotheses of Theorem 3.2 
are fulfilled. If m + 25 - 6 > 1/2 then using Theorem 3.2, V^, Vllfc, and 6 > 27, we 
have 

II \\m ^ Cm{\\ fk llm, R2 + || Vk ||m+25, R^H fk II2, R2) 



33 



if e is sufficiently small, since = ^(""^^(^"t^) < e^Ti . If m + 25 - 6 < -f/2 

and m > 2, then using || Vk ||to+25, m2< C^S in the estimate above gives the desired 
result. Furthermore, if < m < 2 then the methods of Theorem 3.2 show that 
II life ||m< M II fk ||m, ]r2 ; in which case VII ^ gives the desired result. 
Ilfe+i: Since Wk+\ = Z)i=o^»' ^^^e 

k k 

II \\m< XI II Ui \\m< (5X/if"^ 

i=0 1=0 

Hence, if m — 6 < —1/2 

oo oo 

II ^/^m \\m< sJ2ii^T'^' ^ sJ2i^T'/' := c,s, 

i=0 i=0 

and ifm — fe>l/2, 

k oo 

II ^.+1 iu< «+t E(7r^)"^"' ^ w+t E(/^"^)'^' ^ c-i^/x^t- 

Illfc+i: Since 6 > 27 we have 18 — 6 < —1/2. Therefore Ilfe+i and V^+i (proven 
below) imply that 

II Wk+i ||i8< Ci5 and || Vfe+i ||i8, r2< C36. 

IVfc+i : Since 6 < — 26 we have m* - 25 — 6> 1/2. Therefore Lemma 4.1 and 
Ilfc+i yield, 

II '^k+l — Uk+l \\m = II (-^ ^ Sk+l)Wk-i-l \\m 

^ ^ m—(m*— 25) ii ii 

^ ^mfJ'k+l II "^k+l ||m*-25 

Vfc+i: Prom Lemma 4.1 and b < m* — 26 we have for all m > 0, 

II Vk+l llm, M2 = II Sj.j^]TWk+l llm, K2 

I ||fe-i if m - 6 < -1/2, 

li^-^-^\\wk^i\\b^i ifm-6>l/2. 



<C^\\T 



Vfe+i now follows from Ilfc+i. q.c.d. 
Write Cfc = e^. + e)^, + e)^,' , where 

e'fe = e{Pk{wk)Ls{wk) - Pk{vk\x)Ls{vk\x))uk, 

e'fe = -ePfe(w;fc)(P2^2(wfe)Afcaac,Hfe - {SkDk{wk))d^Uk) + Ak{wk)d^xUk: 
ek = Qk{wk,Uk). 
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Proposition 4.2. If the hypotheses of Proposition 4.1 hold and < m < m* — 30, 

then Vlfc+i holds. 

Proof. We will estimate e'^, e)! , and e^' separately. Denote 

{Pk{wk)Ls{wk) - Pk{vk\x)Ls{vk\x))uk 

= XI ^iji'^k)xiXj + X di{Uk)xi + dUk, 

then Lemma 3.1 (i) and {Hi), Ik, and IV^ show that 

II Gp. \\m < eCjn,l[(^2 II ^ij lU +X II \\m + \\ d \\m) \\ '^k lU 

+02 II 1I2 II 1I2 + II ^ 1I2) II ""fe IU+2] 

< £Cm,2{\\ Wk - Vk llm+sll Mfc lU + || W^fc " ^fc HtH Mfc ||m+2) 

< l^vr^ 

if £ is sufficiently small, since /^^"^ < jj?'^ = £(9-6)(i+T) < £i8/28 No^g ^^a^ -^g ^^yg 
also used m < m* — 30, which allows us to apply IV^. 

We now estimate Cj^. By Lemma 3.1 {i) and {Hi), Ife, life, and Vlllfe, 

II ^kdxxUk \\m 

< C'm^4(|| dxxUk II2II ^k \\in + II f^aiaj'^^fc ||m|| ^k lb) 

< £C'„,5[|| Uk II4 ((1+ II w^fe lie) II Hwk) II m + II "^k ||m+4 II ^(^;^) II2) 

"1 Uk \\m+2 II <^>(^;c) II2] 



9 

if e is sufficiently small and m + 4 — 6>l/2. Ifm + 4 — 6<— 1/2 then we may use 
the estimate || Wk ||m+4< Ci5 to obtain the same outcome. Furthermore, the same 
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methods combined with Lemma 4.1 show that 
\\ePk{wk){SkDk)d^Uk\\m 

< sCm,8(\\dxUk\\2\\Pk{SkDk)\\m+ || 9^^ife ||m|| -Pfc('S'fc-Dfc) II2) 

< £C'm,9[|Kfe lis ifJ'k II Pk II2II Dk \\m-l + \\ Pk \\m\\ Dk II2) 
+ IKifc ||m+l|| -Dfe II2] 

10[|| Uk lis {^J^k II ^{Wk) \\m +A*fc(l+ II Wfe IU+4) II lis) 
+ II '^k ||m+l II^K)I|3] 

Similarly, since -01 = in X it follows that 

II sPk{Wk)AkdaaUk II m 

< £^5/ij^^C^,i3(|| Uk \U\\ Wk IU+4 + II Uk ||m+2 (1+ || Wk He)) 



Therefore 



ek II < ^<^vr 



We now estimate e^' . We have 

e'k = (5fe(wfe, life) = y (1 - t)—^{wk + tuk)dt. 
Apply Lemma 3.1 (i) and (ii), as well as the Sobolev Lemma to obtain 

II e^' \\m < ^ II V^$(K;fe + tUk)&'ukd^Uk |U 

< / XI ^rn,15(|V^$(Wfe + tlife)|oo II II; 

° kl,l7l<2 

+ II Vw^^{Wk + tUk) \\m \(fUkd'^Uk\oo)dt 

< / C'^.iedl V^$(wfe + tiifc) II2II life lUII ||m+2 
+ II V^$(wfe + tMfe) lUII Uk \\l)dt, 
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where a = d'^{wk + tuk) and 7 = d"'{wk + tuk) . The notation represents the 

collection of second partial derivatives with respect to the variables a, 7, so by (6) 
= 0{e'^). Therefore using Lemma 3.1 (iii), Ifc, and 11^, we have 

II &'k \\m < £^Cm,17[(l+ II Wk lie + II Uk \\ Uk Uk \\m+2 

+ (1+ II Wk IU+4 + II Uk Wui+a) II Uk II4] 
^ r ,-2 4-6 m+2-6 , e2 2(4-6) .3 m+4-6 2(4-6) n 

- s'^^^ 

if £ is sufficiently small, since b > 27. Combining the estimates of e^, e^, and e^' 
yields the desired result, q.e.d. 

Assume that 6 < - 31, then Ek E H''+^{X) by Theorem 2.3. The following 
estimate of Ek will be utilized in the next proposition: 

fe— 1 k—l 00 00 

II \\b+l < 5] II e, ||,+i< 86' ^ /X, < eiY, /x,-')^ V < 2"0<^Vfe- (0-54) 

i=0 i=0 i=0 i=0 

Proposition 4.3. // the hypotheses of Proposition 4.2 hold and b < — 31 , 
then Vllfc+i holds for all < m < . 

Proof. By Lemma 3.1 {Hi), 

II fk+i lU, M2 (0.55) 
< e'-^ II T II Cm.igdl SkEk — Sk+iEk+i + (5'^ — Sk+i)^{wQ) \\m 
+ II Uk+i ||m+4|| SkEk — Sk+iEk+i + {Sk — Sk+i)^{wo) 112). 

Furthermore using (54) and the estimate || ^{wq) ||6+i< Cft^^", we obtain for all 
m > 6 + 1, 

II SkEk - Sk+iEk+i + {Sk - Sk+i)^{wo) lU (0.56) 
< (^01,20 (/^aT ^ Ml -^fc II 6+1 +lJ^^+i ^ II -E'fe+l llft+i 

Hi^r'-' + i^ixt') II '^>(^o) ik+i) 

<C^,2l£<^2(l + /x''-)/X-t- 

If m < 6 + 1, then applying similar methods along with VI ^+1 to 

II SkEk — Sk+iEk+i + {Sk — Sk+i)^{wo) \\m 

< II (/ — Sk)Ek ||m + II (-^ ~ Sk+l)Ek \\m + II Sk+iek \\m 
+ II (/ - Sk)<^>{Wo) \\m + II (/ - Sk+l)<^{Wo) 

yields the same estimate found in (56). Therefore plugging into (55) produces 

II fk+i \\m, < c^Ms\i + fi'-ni^'k+i + <^'(i + i^'-')i^kS~''] 

m—b 
''k+1 ' 
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ifm + 4 — 6>l/2. Ifm + 4 — 6<— 1/2 and m > 2, then using || v^+i ||m+4< C^S 
in the estimate above gives the desired result. Moreover if < m < 2, then in place 
of (55) we use the estimate 

II fk+l \\m, M2< £ II 2^ II Cm,24: \\ SkEk — Sk+lEk+l + {Sk — S'fe+l)$(wo) ||m 

combined with the above method to obtain the desired result. Lastly ifm + 4 — 6 = 0, 
then replace || Vk+i \\m+4 in (55) by || Vk+i \\m+5 and follow the above method, q.e.d. 

Proposition 4.4. // the hypotheses of Proposition 4.3 hold and b — m* — 31, 
then VIII fe+i holds for < m < m* — 30. 

Proof. By (53), Vlfe+i , and m < 6 + 1 = m* — 30, we have 

II ^{Wk+l) \\m 

< II {I - SkMwo) \\m + \\ {I-Sk)Ek II 

< CmM-'-^ II $(«;o) ||,+i +/xr'"' II Ek Ik+i +£5vr')- 

Applying the estimate (54), || $(wo) ||6+i< C^s^" < 5^, and 5^^~"^ < £^ produces 

II ^{wk+i) \\m< CmM^'i^''"' + e5^i^'~^)iJ^-^ < 6ii^-,\ 

if e is sufficiently small, q.e.d. 

To complete the proof by induction we will now prove the case k — 0. Since 
Wq = 0, llo, IIIq, IVq, and Vq are trivial. Furthermore since || ^{wq) ||m< e6'^ if 
e = e{m) is sufficiently small and m < m^, VIIq and VIIIq hold. In addition, by 
Lemma 4.2 we can apply Theorem 3.2 to obtain 

II 1*0 ||m< Cm II /o llm, R2< C^d"^ < 5 

if 5 is small, so that li is valid. Lastly, the proof of Proposition 4.2 now shows that 
VI 1 is valid. This completes the proof by induction. 

In view of the hypotheses of Propositions 4.1-4.4, we require > 58 and choose 
6 = m* — 31. The following corollaries will complete the proof of Theorem 0.3. 

Corollary 4.1. Wk ^ w in H'^*~^'^{X). 

Proof. For < m < m* — 32 and i > j , Ik implies that 

i—l i—l i—1 

II Wi - Wj \\m< II Uk \\m< S ^^Yl 

k=j k=j k=j 

Hence, {wk} is Cauchy in H'^{X) for all < m < — 32. q.e.d. 
Corollary 4.2. $(wfc) in CO(X). 
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Proof. By the Sobolev Lemma and VIII ^ , 

l^(^«fc)lco(x) < c II $K) ||2< c5/i^^ 

The desired conclusion follows since b = — 31 > 27. q.e.d. 

Let r,K,aij, and / be as in Theorem 0.3. If K,aij,f e C", r > 58, then there 
exists a C^'-^"^ solution of (50). 

Remark. After completion of this manuscript, it was brought to the author's 
attention that the methods of [4] and [7] may be adapted to help simplify the linear 
existence theory of sections §1 and §2. 
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5. Appendix 



Here we shall show that Theorem 0.1 holds for an arbitrary smooth curve a passing 
through the origin. This will be accomplished by utilizing the special structure of the 
isometric embedding equation (1), to show that the calculations of Lemma 1.2 can be 
refined in this case so that the canonical form (4) may be achieved without requiring 
the Christoffel symbols to vanish along a. This observation is due to Qing Han. 
Recall that the geodesic hypothesis on a was only used to obtain a high degree of 
vanishing for the Christoffel symbols along a . 

Let g = gijduiduj be the given metric in local coordinates, and write equation (1) 

as 

detVijZ^ K\g\{l-\Vgz\^), 

where are covariant derivatives, K is the Gaussian curvature, is the gradient 
operator with respect to g, and \g\ = det gij . Following the set up of the introduction 
we set Ui — e'^Xi, and z — u\/2-\-e^w . Then as in (7) the linearization of (6) becomes 

Li{w)v = ^ U'v,^j + ^ h% := h]jVx,x, + 

i,j i i,j i 

where v-ij , v-i denote covariant derivatives in Xi coordinates (we will denote covariant 
derivatives in Ui coordinates by Vijv, Vjf ), 6'^ is the cofactor matrix given by 

fell = = eV22Z = e^O{l + \Vw\ + \V^w\), (0.57) 

1,22 _ lI _ „V7 ^/'l I ^/n/'l I IV7„..l I IV72 



and 



bl^ = eWuz = e{l + £0(1 + |Vw| + |V^w|)), 



b] = -b^'^rii^ + b'^ -b^'^rif^ + £'("+^)//"+^(xi, X2)P^(£, xi, X2, Vw) 



for some Pi , with F^j, Christoffel symbols for g in Xi coordinates. Also throughout 
this section the summation convention for raised and lowered indices will be used. 
Continuing to follow the procedure of section §1, we find that (9) produces 



1,J 



where 



bl, = (622)-2((5l2)2^^2(n+2)^n+lp)^ 

bl, = ib'Y'b'', (0.58) 

^22 = 1 = 

63 ^ (622)-l(-6^'=ri, + £2(-+l)i/"+lp.), 
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and 



Let 



K\g\{l - \Vgz\^) = X2)P{e, x,, X2, Vw). 



be the change of coordinates of Lemma 1.2, so that ^ satisfies (10): 



(0.59) 



If as before h^^ and hj denote the coefficients of L^{w) in these new coordinates, then 
all the conclusions of Lemma 1.2 hold. In fact the proof requires no modification, 
except to justify the expression for h\ which we now show. 
Using (13), (14), and (58) we obtain the analogue of (15): 



^1 = E4^-*-.+E^'^-^ 



^,3 



g,2(n+2)^n+lp 
(62^ 



X2 



(0.60) 



Calculating the second term on the right-hand side of (60) yields. 



(6^2)2 



\ 



622 J \ ^22 J + ( ^ J 



Xl \ / X2 

22\-l^I,12\27 22 I L227 12 

11l22 , l22l12 1.12 l22 



= b^'b^-ib^riV^b^+y^b^-b^ly. 



12 1,22 



X2 



+(6^^)-^6^^(det6^^) 



Xl 

-biib^'+biy' 



+ ^'Xi - b'Xl 



Hb ) btiidetb'^) - (detb'^) 



Xl- 



Therefore, (59) and (60) imply that 

6226^ = -(bl\ + bll + b'^rl - £2(n+l)^n+lp^ _ ((j,22)-l ^ij^^^^^ 

-K+bll+b^'rl-e^(--^'^H-+'P2)U 

+ (622)-V2(n+2)^„H-lp^^^^^_ 

Lastly, from (57) we calculate 

e'K+bll+b^'Ti) 



(0.61) 



(0.62) 



j2'^xiX2 



J- n 



1 -pi 



i2,x2 22,2:1 ^ 11^ 22 + 2ri2ri2 r22r^]^)2;a; 



J- 1 1 J- ^ 



e'^,b'' + e'T^^.b'' 



' 12,X2 22,xi ^ 11^ 22"r 12^ 12 ^ 22^ 11 ^ 12 ' ^ jl^ 22> 
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However, we see that the coefficient of Zx^ is in fact a curvature term. More precisely, 
if we denote it by then 

= ri2,., - T\,^,, + T{,r., - T{,r., (o.63) 

= -e^Bi,^^ = -e^g^^\g\K = -£2(n+3)^n+ip'^ 

for some P\ , where is the Riemann tensor for g in Ui coordinates (recall that 
are Christoffel symbols in Xi coordinates). A similar calculation shows that 

^'K + + ^''rffe) = ^'r^-i^^' + ^'rj^ft'' - (o.64) 

for some P2 • Then observing that 

det = e'^^w) + £2(n+2)^n+lp gg) 

from (6), we may combine (59) and (61)-(65) to obtain the desired expression for h\ 
as stated in Lemma 1.2 (note that the hnear combination of $(w) and dxi^{w) will 
appear slightly different than in Lemma 1.2). Having established Lemma 1.2, we can 
then apply the remainder of section §1 as well as sections §2, §3, and §4 without 
change in order to obtain Theorem 0.1 for an arbitrary smooth curve a. 
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